We study the exponential stability of linear skew-product semiflows on locally compact metric space with Banach fibers. Our main tool is the admissibility of a pair of the so-called Schäffer spaces. This characterization is a very general one, it includes as particular cases many interesting situations among them we can mention some results due to Clark, Datko, Latushkin, van Minh, Montgomery-Smith, Randolph, Räbiger, Schnaubelt.
Introduction
A classical and well-studied subject in the field of differential equations is the theory of linear skew-product (semi)flows, which arise as solution operators for variational equation
d dt u(t) = A( ( , t))u(t),
where is a semiflow on a locally compact spaces and A( ) an unbounded linear operator on a Banach space X, for each ∈ .
Also, the qualitative behavior of (semi-)flows on (locally) compact spaces or ( -) finite measure spaces is described by notions like stability or exponential dichotomy of the associated linear skew-product (semi-)flow. In the finite-dimensional case the Sacker-Sell spectrum permits an important and useful characterization of these properties (see [9, [20] [21] [22] ), which was extended recently to norm-continuous cocycles on infinite-dimensional Banach spaces by Latushkin and Stepin. However, all truly infinitedimensional situations, e.g. flows originating from partial differential equations and functional differential equations, only yield strongly continuous cocycles. This causes serious problems and new phenomena. In recent decades, significant progress has been made in the study of asymptotic behavior of linear skew-product flows and nonautonomous Cauchy problems (see [7, [10] [11] [12] 16, 19, 20] and the literature cited therein), giving an unifield answer to an impressive list of classical problems. Also, in last few years important contributions were done in infinite-dimensional case (see [2, 3, 5, 22] ) and in the applications. There has been studied the dichotomy of linear skew-product semiflows defined on compact spaces (see [2] [3] [4] [5] ), and on a locally compact spaces, respectively (see [15] ). An answer concerning the exponential stability and exponential dichotomy of linear skew-product flow on locally compact metric space has been done by the investigation begun in [13, 14] using the so-called evolution semigroup.
In [15] , dichotomy of strongly continuous linear skew-product semiflows was expressed in terms of hyperbolicity of a family of weighted shift operators and thus it was extended the classical theorem of Perron [18] .
Arguments in these papers again illustrate the general philosophy of "autonomization'' of nonautonomous problems by passing to associated evolution semigroups.
In contrast to this "philosophy'', the present paper shows that we can characterize the exponential stability in terms of the admissibility of some suitable pairs of spaces in a direct way, without so-called evolution semigroups. But, this is not the first aim of our paper.
Our attention is devoted to the relationship between uniform exponential stability of a linear skew-product semiflow on a locally compact metric space and the admissibility of a pairs of spaces which are translation invariant, the so-called Schäffer spaces. Therefore, it is considered a concept of exponential stability for linear skew-product semiflows, which is an extension of the classical concept of exponential stability for time-dependent linear differential equations in Banach spaces (see e.g. [6] [7] [8] 16, 17] ). In their monumental works of the 1960s, Massera and Schäffer present an indepth study of exponential dichotomies for nonautonomous linear equations in Banach spaces. A key concept used in their study is the notion of admissible spaces. Roughly speaking, these spaces represented the input and output spaces for a linear inhomogeneous problem. From this point of view our work fit into Massera-Schäffer context. Until now, the most common classes of spaces used for the connection between admissibility and stability are L p or M p spaces, which are in particular Schäffer spaces, so with this approach it can be obtained an unified treatment, generalizing the above results. Also, as we already note, many analysis concerning the relation between the admissibility and exponential stability involves the evolution semigroup, so the "input space'' and the "output space'' must be the same. Here, the proofs are directly, using the methods of the so-called "test'' functions, so we can extend the analysis to the case when the "input space'' is different from the "output space'' and the requirement above can be dropped. Moreover, we remark here that even the Orlicz spaces are Schäffer spaces too, and this approach does break a new ground, bringing into attention other useful situations and adding some nice twist to the subject concerning the connection between exponential stability and admissibility.
Preliminaries
In the beginning let us fix some standard notations. For X a Banach space we denote by M(R + , X) the space of all Bochner measurable functions from R + to X and by:
T (R + , X) the space of all functions f ∈ L 1 loc (R + , X) with the property that there exist ( n ) n∈N and (a n ) n∈N two sequences of positive real numbers such that ∞ n=0 a n < ∞ and ||f || ∞ n=0 a n [ n , n +1] .
Also for a locally compact metric space we denote by C b ( , X) the space of all bounded continuous functions from
are Banach spaces endowed with the, respectively, norms:
a n : where (a n ) n∈N satisfies the above inequality
In order to simplify the notations we put
Next, we remind the definition of Schäffer spaces.
Definition 2.1.
A Banach space E is said to be a Schäffer space if the following properties are satisfied:
then g t ∈ E and
Now, we present some good examples which can be used to describe the importance of this approach.
and T, the spaces mentioned above, are Schäffer spaces. One can easy remark that T ⊂ E ⊂ M 1 , for any Schäffer space E (for more results in this direction see [16] ).
Another remarkable example of Schäffer spaces are the Orlicz spaces. Let : R + → R + be a function which is nondecreasing, left-continuous with (t) > 0, for all t > 0. Define
A function of this form is called a Young function. For f : R + → R a measurable function and a Young function we define
The set L of all f for which there exists a k > 0 that M (kf ) < ∞ is easily checked to be a linear space. With the norm
the space (L , ) becomes a Banach space which is easy to see that verify the conditions (s 2 )-(s 4 ). In order to check the condition (
for all f ∈ L , t > 0, and hence the condition (s 1 ) is also verified, so the Orlicz spaces are Schäffer spaces too. From here we can obtain other interesting examples. In order to find smaller function spaces which can be used as "input spaces'', in our approach, we present below a function space which is contained in all L p , for p ∈ [1, ∞). For instance, if we take
Indeed one can see that t m m! (t) for all t 0 and all
If E is a Schäffer space we denote by
Remark 2.1. E(X) is a Banach space endowed with the norm
Proof. First, let us prove that if u ∈ E then |u| < ∞ a.e. Indeed consider A = {t ∈ R + : |u(t)| = ∞}. It is easy to check that
and so by (s 3 ), one can easily see that
A ∈ E and A E = 0. Now, it is clear that m(A) = 0 and so |u| < ∞ a.e. In order to prove that E(X) is a Banach space, let {f n } n∈N be a Cauchy sequence in E(X). We will prove that there exists {f n k } k∈N a subsequence of {f n } and f ∈ E such that
From the fact that {f n } n∈N is Cauchy sequence then there exists {f n k } k∈N a subsequence of {f n } such that
It follows that the sum k 0 ||f n k+1 − f n k || is absolute convergent in the Banach space E. and hence g = h a.e. Let B = {t ∈ R + : |g(t)| = ∞}, C = {t ∈ R + : g(t) = h(t)}, D = B C. Using the fact that g ∈ E and g = h a.e., we have that
which implies that the subsequence {f n k (t)} k∈N is convergent in X for all t ∈ R + \ D.
Let f : R + → X the map given by,
Then we have that f n k → f a.e. and so f is measurable and
for all t ∈ R + \ D and all m ∈ N and hence
It follows that f − f n m ∈ E for all m ∈ N * and so f ∈ E and
We obtain that f n k
E(X)
−→ f, f n k → f a.e. Because {f n } n∈N is a Cauchy sequence with a convergent subsequence it follows that {f n } n∈N is convergent.
Remark 2.2. If {f
n } n∈N ⊂ E(X), f ∈ E(X), f n → f in E(X), then there exists {f n k } k∈N a subsequence of {f n } n∈N such that f n k → f a.e.
Proof. If f n E(X)
−→ f then {f n } n∈N is a Cauchy sequence and hence from what we have already mentioned in the proof of the Remark 2.1 there exists {f n k } k∈N a subsequence of {f n } and g ∈ E such that
This implies that f = g a.e. and so f n k → f a.e. For a Schäffer space E we denote by E , E : R + → R + the following applications:
It is known (see [16] ) that E , E are nondecreasing functions and moreover
( * * ) t E (t) E (t) 2t for all t 0.

Example 2.2. It is easy to see that for L p and M p we have:
denotes the largest integer less or equal than t and {t} = t − [t]. Example 2.3. Let X be a Banach space, a locally compact metric space, T = {T (t)} t 0 a C 0 -semigroup and {U( )} ∈ a bounded strongly continuous family of idempotent operators with the property that
U( )T (t) = T (t)U( ) for all t 0, ∈ , then the pair = ( , ) defined by ( , t) = , ( , t) = U( )T (t)
is a strongly continuous skew-products semiflow. In what follows for f ∈ L 1 (R + , X) we define x f : × R + → X the map given by
From the Definition 2.3 it is easy to see that x f (·, t) ∈ C b ( , X) for all t 0.
Definition 2.5. The pair (E, F ) is said to be admissible to if for all
If we are in the case of strongly continuous skew-products semiflow provided by Example 2.4 then for all ∈ , x f ( , ·) is the solution of the Cauchy problem
The main results
Let (E, F ) be a pair of Schäffer spaces
Lemma 3.1. If the pair (E, F ) is admissible to , then there is
− → g then, by Remark 2.2, there exists a subsequence {f n k } k∈N of {f n } n∈N such that
for all k ∈ N, ∈ , t 0, which implies that
It follows, using again the Remark 2.2, that Vf = g, and hence V is closed and so, by the closed-graph theorem it is also bounded. So we obtain that Using again the hypothesis, we obtain that h(t) ah(n) + b ac + b for all n ∈ N and all t ∈ [n, n + 1].
We consider again E and F two Schäffer spaces and we have: (ii) the pair (E, L ∞ ) is admissible to . for all ∈ , r t 0 with r − t 1.
Proof. (i) We have that
The condition (ii) follows directly from (i) and Lemma 3.2.
Lemma 3.4.
If h 1 , h 2 : R + → R + satisfy the following conditions:
then there exist two constants N, > 0 such that
Proof. By (iii) there exist > 0, ∈ (0, 1) such that h 2 ( ) < . Let t s 0 and n = [ t−s ], the largest integer less or equal than t−s . Then we have that
as required. Let x ∈ X, 0 ∈ and f : R + → X,
It is easy to check that f ∈ E(X) and ||f || E(X) Me E (1) ||x|| and
for all t 1 which implies that
for all t 1, 0 ∈ and all x ∈ X. Hence there exists L = Me max{K E (1), 1} such that
Let us consider again 0 ∈ , > 0, x ∈ X and g :
It follows that
for all t ∈ [0, ] and so
Using ( * * ) we obtain that E ( ) F ( )|| ( , t)|| 8KL 2 for all ∈ , > 0.
Applying Lemma 3.4 to the functions h 1 , h 2 : R + → R + defined by
it results that is u.e.s.
As an application of Theorem 3.1 we present the example which shows in some manner the importance of our result. 
